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Abstract 
 
Fluid transport through nanoporous membranes is subject to additional resistance at the 
membrane interface, a large part of which is due to the difference in thermodynamic states of 
the fluid inside and outside the membrane. The state of the fluid confined within a membrane 
depends on the size of the nanopores, which results in a corresponding dependence of the 
interfacial resistance. We investigate here the dependence of the thermodynamic resistance on 
the radius of the nanopore and the thickness of the pore wall, considering the transport of 
carbon dioxide and methane through carbon nanotubes of radii between 4 Å and 50 Å at room 
temperature, and wide range of pressures. We find that the thermodynamic resistance strongly 
depends on the state of the fluid adsorbed in the membrane, which is determined by the size of 
the pores and the external pressure. In particular, for narrow micropores the thermodynamic 
resistance has two pressure regimes, being constant at low pressures and increasing gradually 
at high pressures. Furthermore, moderate and wide pores allow presence of multiple fluid 
phases with distinct condensation. In the corresponding pressure range the thermodynamic 
resistance is subjected to large fluctuations, which are not observed for small pores. 
Furthermore, our results reveal strong dependence of the thermodynamic resistance on the 
pore radius for very narrow pores and large pressures, when the state of the fluid inside of the 
membrane is most different from that of the external bulk fluid, with the resistance increasing 
with decrease in pore radius. Our results also indicate that analyzing the pore size dependence 
of the interfacial resistance makes it possible to distinguish the contribution of the 
thermodynamic resistance from the other sources of resistance to fluid flow through the 
membrane, in particular, the hydrodynamic resistance and the internal resistance.  
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1  Introduction 
Diffusion through nanoporous membranes is subject to an additional transport barrier at 
the membrane interface, both during uptake and release of the adsorbent molecules [1, 2]. The 
resistance depends on the geometrical and energetic structure of the membrane [3-7], though 
there still exists discussion about the origin of this resistance [2, 3]. The variety of the 
explanation suggested is influenced by the variety of approaches and conditions used to study 
fluid transport through membrane materials. One of the important aspects, which determine 
the investigation approach, is the size of the pores in the membrane. A typical membrane 
represents a matrix of interconnected nanopores and nanowires, and from a practical point of 
view it is difficult to distinguish between various types of resistance, as all of them act 
simultaneously. In particular, if a pore can accommodate a single molecule only, then diffusion 
through the membrane has a mechanism of essentially hoping from one pore to another [8]. In 
contrast, if a pore is wide and long enough, so that many adsorbate molecules can fit in, than 
the adsorbate can be viewed as a continuous fluid, flowing through the pore channels [8]. 
Among the main mechanisms of the interfacial resistance discussed in the literature one can 
distinguish hydrodynamic friction [9-11] and pore blockage [12, 13]. The former mechanism 
implies that the pore is large enough and that resistance is caused by the viscous friction 
between the bending flow lamina of the fluid when entering or exiting the porous membrane 
[10, 11]. The approach was tested both by molecular dynamic simulations and computational 
fluid dynamics modelling for single channels of the size of few nanometers [9, 14]. In contrast, 
the mechanism of pore blockage views the membrane surface as collection of adsorption sites, 
which have a size of adsorbate molecule, so that the interfacial resistance is caused by limited 
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amount of pore sites at the membrane surface compared to the membrane interior. The 
approach was tested by measuring the equilibrium and non-equilibrium concentration of the 
adsorbate in the membrane with the help of interference microscopy and Infra-red microscopy 
techniques [15, 16]. 
Both mechanisms have essentially mechanical origin, as they are caused by a 
geometrical obstacle for the flow of a viscous fluid. Recently we have shown that there exists 
another type of resistance, which we refer to as the thermodynamic resistance [17]. It exists 
due to the difference in the fluid state inside and outside of the porous membrane which, in 
turn, is caused by the different type of interactions which adsorbate molecules are subjected to 
inside and outside the nanopore. This difference results in a non-zero enthalpy of adsorption (or 
desorption) for a membrane, which controls the magnitude of the thermodynamic resistance. 
This effect is present for the pores of various sizes and is independent of the membrane internal 
geometry. Still, to the best of our knowledge, it has been ignored in membrane studies [18]. The 
purpose of this paper is to investigate how the resistance of membrane surface depends on the 
size of the membrane pores. 
Actual membranes do not comprise a uniform pore size; rather, they can be made of 
nanoporous carbon whose structure is disordered. The pores inside such a structure have 
different sizes, and vary within a single membrane sample [19, 20]. Characterization of these 
structures can give information about the distribution of the pore sizes [19, 21], employing 
information obtained for the pores of various sizes. For the membrane resistance modelling it is 
therefore important to know how the resistance of a single-size pore varies with the pore size 
and its thickness. As discussed earlier, the interfacial resistance of the pore entry can contribute 
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a significant part to the overall resistance of the nanopore. It is the aim of this paper to give 
theoretical predictions for the dependence of the interfacial resistance on the pore size and 
thickness. 
 
 
Figure 1: Schematic representation of a carbon nanotube-based porous membrane.  
We consider a porous membrane, which consists of parallel carbon nanotubes (CNTs) of 
the same size, as shown in Figure 1. By doing this we reduce the problem of finding the 
interfacial resistance of the entire membrane with an unknown pore size distribution to the 
problem of finding the interfacial resistance of a single nanotube as a function on its size. Once 
such dependence is known, it can be easily applied to a particular membrane with a specific 
pore size distribution. 
In our recent article [17] we introduced a methodology which analyzes the role of the 
thermodynamic resistance at the CNT entry to matter flow. We were able to isolate the effect of 
the thermodynamic resistance and studied its dependence on the operational conditions, such 
as pressure and temperature. In this paper we will study how the thermodynamic resistance 
depends on the geometrical parameters of the nanopore, such as the radius and the wall 
thickness. Having these predictions in place one can compare them with experimental 
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measurements. This will allow one to understand the contribution of the thermodynamic 
resistance to the overall membrane resistance. In addition we will study both entrance and exit 
resistances, which will show how the difference between adsorption and desorption influences 
the interfacial resistance. In particular, some studies suggest that this difference may be 
important [13, 22]. 
This paper is organized as follows. In Section 2 we briefly show how the interfacial 
thermodynamic resistance emerges in a formal description. We also indicate how the 
microscopic structure of the fluid inside the membrane influences this resistance. A detailed 
discussion on the origin of the thermodynamic resistance can be found in our earlier article [17] 
and references therein. In Section 3 we present the results of our modelling, which discuss three 
different aspects of the pore size dependence: i) the structure of the fluid inside the membrane, 
as described by the adsorption isotherms; ii) the actual values of the interfacial thermodynamic 
resistance; iii) comparison of the interfacial resistance with the other sources of resistance. 
Finally, in the last section we give concluding remarks on the importance and relevance of the 
obtained results. 
 
2  The thermodynamic resistance 
2.1  Non-equilibrium thermodynamics 
Typically the radius of the CNT comprising a membrane will be in the range between few 
angstroms to few nanomenters, which is of the order of the length of molecular interactions. 
Because of this the fluid molecules inside the nanotubes experience strong interactions with the 
walls of the nanotube, which alters the state of the adsorbed fluid. One can therefore 
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distinguish between the adsorbed fluid phase inside the membrane and the external bulk fluid 
phase. The properties of the adsorbed phase are different from the properties of the bulk 
phase, and, in particular, there is a nonzero energy associated with conversion from the bulk 
fluid to the adsorbed fluid, corresponding to the enthalpy of the phase change. This energy is 
nonzero even in equilibrium, and from the molecular perspective it is equal to the potential 
energy difference which a molecule gains when it interacts with a solid wall compared to 
interactions in the bulk phase. 
At equilibrium the number of molecules entering the membrane in a given time interval 
is on average equal to the number of molecules leaving the membrane in that time interval, so 
the net energy change is zero. In non-equilibrium there is net material flux through the 
membrane, which leads to a certain excess amount of molecules to be adsorbed at the front 
membrane surface and, in the stationary state, the same amount of molecules to be desorbed 
at the back membrane surface. Along with the material flow, energy is transferred from the bulk 
phase to the adsorbed phase at the front surface, and from the adsorbed phase to the bulk at 
the back surface of the membrane. Despite the fact that net energy difference in stationary 
states is zero this process leads to production of entropy at the membrane surfaces when actual 
flow occurs [23, 24]. The entropy production is proportional to the square of the enthalpy 
difference between the two phases [17, 23], and is therefore positive at both membrane 
surfaces. Consequently, the membrane surface poses a thermodynamic resistance to matter 
flow at both surfaces, which leads to irreversibility of the fluid transport.  
Consider the membrane at constant temperature T . The membrane surface represents 
the interface between the bulk fluid phase and the adsorbed fluid phase. The thermodynamic 
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resistance R to the matter flow of the interface results in the drop in chemical potential 
= R T J  , where J is the flux defined as the product of the fluid density and velocity. The 
thermodynamic resistance can be understood in the context of irreversible thermodynamics 
[25]. The measure of irreversibility of a thermodynamic process is the entropy production  ̂, 
which for the interfacial region between two phases can be written as [17, 23] 
  ̂  ,
1 1
= q b b
a
J J s T
T T
      (1) 
where   indicates the difference between the values of the two neighboring phases and the 
quantities without   refer to the values in either phase. In particular, bs  is the specific 
entropy of the bulk phase, ,q bJ  is the heat flux in the bulk phase, aT  is the temperature of the 
adsorbed phase. According to the second law of thermodynamics, the entropy production is 
always positive, which leads to the following force-flux relations  
 
,
,2
= ( )
= ( )
mm qm q b b b
mq qq q b b b
R J R J J s T
T
T
R J R J J s T
T

  

  
 (2) 
where mmR , qqR  and =mq qmR R  are the phenomenological resistances of the interface. Their 
values depend on the particular microscopic structure of the fluid in the interfacial region and in 
the adsorbed phase, which is discussed in the following subsection. 
In general, the fluid flow across the interface results in both a temperature drop and a 
chemical potential drop. If, however, the temperature is kept constant (which is the case for 
typical membrane applications), the left hand side of the second of Eq.(2) is equal to zero, which 
also simplifies the first of Eq. (2). The thermodynamic resistance R  is then equal to 
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 2 /mm qm qqR R R R   . (3) 
Note, that even if the temperature is kept the same on the both sides of the membrane 
surface, it may vary inside the interfacial region [26]. This happens because along with the 
matter flow energy is transferred across the interface between two phases with different 
specific enthalpies. This, however, is irrelevant, if we are interested in the overall differences, as 
described by Eq.(2). The framework used in this paper accounts for enthalpy variation across the 
interfacial region within the interfacial resistances mmR , mqR , qqR  as is discussed in the 
following subsection [27, 28]. Furthermore, in the context of non-equilibrium thermodynamics 
the thermodynamic resistances are essentially equilibrium properties, which means that they 
may depend on the system temperature, but not on the temperature variations. 
 
2.2  Influence of the fluid structure 
The interfacial resistances mmR , mqR , qqR  depend on the microscopic structure of the 
fluid in the interfacial region. It was shown earlier [24] that they can be represented as the 
Gibbs excesses [29] of the local resistivity profiles ( )mmr z , ( )qmr z , ( )qqr z , respectively, which 
are functions of the position along the axial CNT direction z  in the interfacial region. In 
particular, the Gibbs excess of a resistivity profile is the integral over the interfacial region of the 
difference between the actual resistivity profile and the constant values of the resistivities of 
the adjacent phases [27, 29]. To evaluate the local resistivity profile we use the square gradient 
theory (SGT) for the interface between the bulk and the adsorbed fluid [30- 32], and classical 
density functional theory (DFT) for the fluid adsorbed in a pore [33- 37].  
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The thermal resistivity profile 
qqr  is a sum of two terms [24] 
 ,EOS ,( ) = ( ( )) ( ( ), ( ))qq qq qqr z r z r z z      (4) 
where ,EOS(qqr   is the thermal resistivity of a homogeneous phase with density , while 
, ( , )qqr     is proportional to the square of the density gradient and thus is responsible for 
non-locality in the interfacial region. Note, that both ,EOSqqr  and ,qqr   are evaluated at the 
local values of the density profile ( )z  and ( )z , thus taking into account variation of the 
density inside the interfacial region. The dimensionless factor   controls the magnitude of the 
gradient contribution. This factor should be nonzero in order to not violate the second law of 
thermodynamics [24]. The other local resistivities, ( )qmr z  and ( )mmr z , are proportional to the 
thermal resistivity ( )qqr z and the excess of the local enthalpy ( )h z  over the bulk value bh   
 
2
( ) = ( )[ ( ) ]
( ) = ( )[ ( ) ]
qm qq b
mm qq b
r z r z h z h
r z r z h z h


 (5) 
It follows from Eq. (5) that local resistivities ( )qmr z  and ( )mmr z , and therefore the interfacial 
resistances mmR  and mqR , emerge in the interfacial region due to variation of the specific 
enthalpy across the interface.  
The enthalpy profile ( )h z  is proportional to the enthalpy of adsorption adsh , which is 
evaluated from the variation of the adsorption isotherms with the temperature at constant 
excess density, as  
 2
=
=ads B
const
a b
h k T
T  



 

 (6) 
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where  is the fugacity of the fluid, while a  and b .are the densities of the adsorbed and 
the bulk fluid. The adsorption isotherm is calculated from classical DFT [33], which accounts for 
fluid inhomogeneities in a confined nanopore. We use the Fundamental Measure version of DFT 
[34, 35] implemented in earlier work [36]. Due to small size of the nanopore the fluid 
interactions inside the CNT are no longer local, as in a homogeneous fluid, and the state of the 
fluid at a certain position depends on the conditions in the area around this position, the size of 
which is of the order of molecular diameter. This leads to layering of the fluid molecules along 
the walls of the CNT, which results in a much higher density of the adsorbed fluid, compared to 
the density of the bulk phase.  
Furthermore, the enthalpy profile ( )h z  is also proportional to the corresponding 
density profile ( )z  [24]. In the interfacial region the density changes from a smaller value in 
the bulk phase to a larger value in the adsorbed phase over a short distance (typically of the 
order of a nanometer). Such density profile is calculated from SGT [24], which accounts for the 
fluid inhomogeneity in the interfacial region. We implement a simplified version of SGT [37], 
which is used in modelling the interface between a disordered fluid and an ordered crystal. The 
details of the implementation are given in our earlier work [17]. 
3  Results and discussion 
3.1  Model parameters 
In this section we present the calculated interfacial resistance as a function of pressure, 
pore size and the thickness of the CNT. As in the earlier paper [17] we use carbon dioxide and 
methane as adsorbates. We performed calculations for a range of bulk pressures, from 10 Pa to 
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50 bar, which spans both the gaseous and liquid state of the adsorbates. The temperature for all 
calculations was 298 K.  
The density of the adsorbed phase and the enthalpy of adsorption were calculated using 
DFT, as mentioned in the end of Section 2.2. The parameters used in DFT modeling are as 
follows. The walls of the CNT are uniform, having carbon atom density 0.382 Å 2 . The 
adsorbate-wall interactions follow the Steele potential [38], while the adsorbate atoms interact 
via the Lennard-Jones potential, with parameter values given in Table 1. 
Table 1: Lennard-Jones parameters of the interacting atoms  
Atom   / Bk , [K]    , [Å]  
C   28   3.4  
CH 4    148   3.73  
CO 2    361.69   3.741  
The LJ parameters of methane correspond to the TraPPE force field [39], while those of carbon 
dioxide correspond to the single-atom SAFT-  force field [40]. We have chosen the united 
atom force-field for both carbon dioxide and methane, enabling use of DFT, which considers a 
single-atom force-field. 
The radius of the CNT varied between 4 Å and 50 Å, and its wall comprised either a single 
layer or 5 concentric layers. This range covers two distinct behaviors of the adsorption 
isotherms and the thermodynamic resistances. The specific values of the CNT radii within this 
range were chosen to match the radii of CNT for which simulation data are available in the 
literature. When this was not possible, some radii were chosen to give the most illustrative 
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behavior of the resistance. 
The values of the bulk and adsorbed thermal resistivity needed to calculate the 
interfacial excess resistances, as described in the beginning of Section 2.2, were interpolated 
between the kinetic theory predictions and the data measured in molecular simulations 
elsewhere [41]. The kinetic theory expression for the thermal resistance 
3/2 1/2
, = ( / ) ( )qq gas Br Td k dm
  , where m  and d  are the molecular mass and diameter 
respectively, is valid for low density gas only. The molecular simulations results of Aimoli et al 
[41] are available for high densities of the fluids with the parameters from Table 1. The values of 
the adsorbed and the bulk densities for the range of conditions used lay between the gas and 
liquid densities, so does the thermal resistance. 
For the interfacial resistance modeling we used SGT [24, 37], as described in the end of 
Section 2.2, which requires two input parameters, the thickness of the interface w  and the 
thermal resistivity amplitude   from Eq.(4). We used =1w  nm, which agrees with the 
observations from molecular dynamic simulations [17], based on the density profile in the 
vicinity of the interface. Furthermore, we used 10   obtained earlier for a fluid-vapor 
interface [27, 28].  
To compare the results for the interfacial and internal resistances, we used published 
values of the corrected diffusivity obtained from molecular simulation [42]. The simulation data 
for various diameters of CNT have been interpolated for each value of the CNT radius used here. 
The values of the transport diffusivity [43] for carbon dioxide vary only weakly with pressure 
and are practically independent of the pore size for pore diameters between 2.71 nm and 5.42 
nm. The values of the corrected diffusivity [44] for methane also do not show significant 
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dependence on pore size, though they show some dependence on pressure. 
 
3.2  Adsorption isotherms 
We first calculate the adsorption isotherms at 298 K. They are used to calculate the 
enthalpy of adsorption from Eq. (6). In Figure 2 we present the density of carbon dioxide and 
methane inside a single-walled CNT for various radii of the CNT. For radii of the CNT below 
approximately 3.5 Å (center to center) no adsorption is possible because of simple geometrical 
constraints, both for carbon dioxide and methane. At 4 Å the adsorbed density is very high and 
close to the bulk liquid density even at low pressures, as the adsorbate molecules occupy almost 
all available space inside the CNT. As the radius of the CNT increases, we can distinguish two 
regions on the adsorption isotherm, the low-density state and the high-density state, both for 
carbon dioxide and methane. In the both states the adsorbed fluid remains structured due to 
interactions with the walls. In the low-density state, when the radius of the CNT increases, the 
average adsorbed density decreases, due to increase of the void space between the adsorbate 
molecules. In contrast, if the adsorbed fluid is in the high-density state, its density increases 
with increase of CNT radius, due to decrease of the relative void space inside the CNT. 
Because the temperature of the system is lower than the critical temperature for carbon 
dioxide (304.3 K), we observe a phase transition inside the CNT. The character of the phase 
transition changes with the CNT radius. In particular, for CNT radius below approximately 8 Å, 
there is no distinct transition between the low-density and the high-density phases, and the 
adsorbed density changes continuously. For radius between 8 Å and 9 Å two phases can be 
distinguished. The phases differ by the amount of adsorbate layers formed along the CNT walls, 
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however, they have close densities. In addition, we observe a minor hysteresis loop, which 
distinguishes the adsorption and desorption branches of the isotherm. At larger radii of the CNT, 
starting from approximately 12 Å, we observe two-stage condensation, with presence of an 
intermediate phase. The first stage of condensation corresponds to the same (and the only) 
transition, which occurs in CNTs with smaller radius. The second stage corresponds to building 
the third layer of the adsorbate molecules along the CNT wall. The hysteresis loop for this stage 
is larger than for the first one. At even larger CNT radii, starting from approximately 20 Å, the 
condensation process occurs in three stages, which corresponds to building four different layers 
of adsorbate along the CNT wall. In contrast, the desorption branch still reveals a two-stage 
process, which suggests that one of the adsorbate layers might be metastable. 
Each condensation step affects the value of the enthalpy of adsorption which, in turn, 
affects the value of the thermodynamic resistance. For low pressure the low-density state of the 
adsorbed phase is stable and for each CNT radius the enthalpy of adsorption is approximately 
constant when the pressure increases. At each condensation step the value of the enthalpy of 
adsorption experiences a jump, which corresponds to rapid change of the adsorbed phase. 
Furthermore, each condensation step leads to formation of a new phase, which has a different 
compressibility. This leads to variation of the enthalpy of adsorption with pressure, at moderate 
and high pressures, giving rise to the interfacial resistance.  
Contrary to carbon dioxide, the critical temperature of methane (190.6 K) is lower than 
the system temperature, as a result of which there will be no phase transition inside the CNT. 
For all radii the average adsorbed density changes gradually from the value in the low-density 
state to the value in the high-density state. This leads to gradual change of the enthalpy of 
15 
adsorption and, in turn, the interfacial resistance. 
The adsorption isotherms for the CNT comprising 5 concentric layers of carbon atoms 
have similar shapes both for carbon dioxide and methane. The wall-adsorbate interactions are 
stronger for these CNTs compared to the single layer CNT, which leads to higher values of the 
density in the low-density state. In addition, condensation occurs at lower pressures than for 
the single-walled CNT. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
a 
d 
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Figure 2: Adsorption-desorption isotherms for (a) carbon dioxide, and (b) methane for various 
radii of a single-walled CNT (labeled as 1W). The thin solid line shows the bulk density. For CO2 
in 12.17 Å and 29.64 Å pores the adsorption and desorption branches are labeled a and d 
respectively.  
 
 
 
3.3  The thermodynamic resistance 
In Figures 3 and 4 we show how the absolute value of the thermodynamic resistance, 
calculated using Eq.(3), varies with pressure and CNT radius, for carbon dioxide and methane 
respectively, for a single-walled CNT. The values of the interfacial resistance for the CNT made 
of 5 concentric layers are slightly higher in all cases. The first sub-figure of every figure shows 
the variation of the resistance with the CNT radius, while the second sub-figure shows the 
variation of the resistance with bulk pressure. 
Figure 3 shows that for carbon dioxide the interfacial resistance increases when the 
radius of the CNT decreases from approximately 20 Å down to 4 Å. For radii above 30 Å the 
increase occurs for all pressures. Below 0.1 bar the interfacial resistance is also independent of 
the pressure, for each CNT radius. For these pressures the adsorbed carbon dioxide is in the 
low-density state, which results in a pressure-independent enthalpy of adsorption, and 
therefore a pressure-independent resistance. At high pressures (above 30 Pa) the interfacial 
resistance is also practically independent of the CNT radius.  
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Figure 3: Variation of the interfacial mass transfer resistance of carbon dioxide for single-walled 
CNT (labeled as 1W) with (a) CNT radius, (b) bulk pressure. In (b) the labels a and d refer to 
adsorption and desorption branches respectively. 
 
 
 
a a 
d d 
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In the region of the phase diagram where the adsorbed low and high density phases 
coexist, the adsorption and desorption isotherms are different, so are the interfacial resistances. 
The desorption resistance is typically higher than that for adsorption. This is a consequence of 
the fact that on the desorption branch the density inside the CNT is larger than during 
adsorption, and also the enthalpy of desorption is larger than the enthalpy of adsorption. This 
region is characterized by a very steep adsorption isotherm, which leads to corresponding 
steepness in the enthalpy of adsorption and the interfacial resistance. Furthermore, 
intermediate phases which occur during condensation result in a pressure dependence of the 
interfacial resistance, which is quite different from that for either the low or high density 
adsorbed phase. This is a consequence of different structure of the adsorbed fluid, realized by 
different numbers of layers. The details of the pressure dependence of the interfacial resistance 
are presented in our earlier paper [17]. 
Figure 4 shows that for methane the interfacial resistance also increases when the CNT 
radius decreases. Also, for low pressures the value interfacial resistance is independent of the 
pressure. Since there is no coexistence region in the adsorbed phase for methane, the pressure 
dependence of the interfacial resistance has two clear branches, which correspond to the low 
and high density branches of the adsorption isotherm. 
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Figure 4: Variation of the interfacial mass transfer resistance of methane for single-walled CNT 
(labeled as 1W) with (a) CNT radius, (b) bulk pressure. 
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3.4  Comparison of thermodynamic resistance with hydrodynamic and 
internal resistances 
In this section we compare the thermodynamic interfacial resistance calculated using 
Eq.(3) with the other sources of resistance present during matter transport through a CNT. 
These are (1) the internal resistance associated with finite rate of transport of the adsorbate 
inside the CNT, and (2) the hydrodynamic resistance, which is caused by bending of the flow 
lamina when the fluid enters the CNT from the bulk. Both types of resistance were discussed in 
our earlier paper [17], and here we investigate, how the thermodynamic resistance is related to 
these from the perspective of the CNT size. We note that the data available for the mentioned 
resistances do not always reflect the conditions used in this paper. This comparison should 
therefore be considered as indicative of trends rather than quantitative. 
We first compare the interfacial resistance with the internal resistance. In particular, we 
calculate the length of the CNT, the total internal resistance of which is equal to the interfacial 
resistance at the CNT entry and exit taken together. We will refer to this length as the critical 
CNT length. The values of the internal corrected diffusivity were taken from the literature [42, 
43] and interpolated for the specific CNT radius and adsorbate density. For carbon dioxide we 
also used the data for various pore sizes. Figure 5 shows the pressure variation of the critical 
CNT length for two different CNT radii and thicknesses, both for carbon dioxide and methane. 
The first figure shows the results for very narrow CNTs with radii 5.18 Å and 5.43 Å in case of 
carbon dioxide adsorbate, and 5.88 Å in case of methane adsorbate. The second figure shows 
the results for a CNT with moderate radii of 12.17 Å and 13.57 Å for carbon dioxide, and 13.57 Å 
for methane respectively. The inset shows the variation of the corrected diffusivity, on which 
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the critical CNT length depends as /oL R D R  , where R  is the universal gas constant. For 
carbon dioxide the corrected diffusivity decreases significantly, while pressure increases, which 
would decrease the critical CNT length. On the other hand, the adsorbate density and the 
interfacial resistance increase with pressure, which may compensate for the decrease of the 
corrected diffusivity. In particular, for small CNT radius the critical CNT length varies in the range 
between 1 µm and 10 µm, while for moderate CNT radius it gradually increases with pressure. 
The corrected diffusivity of methane also decreases with increase in pressure, but not as 
significantly as for carbon dioxide. As a result, the critical CNT length for methane increases with 
pressure for all CNT radii. We can also see that the CNT comprising five concentric layers results 
in slightly higher interfacial resistance, which leads to larger critical CNT length, than for the 
case of single-walled CNT, for both CNT radii and adsorbates. For high pressures the critical CNT 
length is comparable with the thickness of industrially available polymer membranes for fuel 
cells, which lie in the range of 10 µm to 300 µm [45]. 
Figure 6 shows the variation of the critical CNT length with CNT radius for various bulk 
pressures. We can see, that this length is more sensitive to the CNT radius at smaller pressures, 
when the adsorbate is in the low density state.  
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Figure 5: Variation of the critical CNT length with bulk pressure, for carbon dioxide and methane 
in a single-walled CNT and 5-walled CNT (labeled as 1W and 5W respectively). The radius of the 
CNT is (a) 5 Å, (b) 13 Å . 
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Figure 6: Variation of the critical CNT length with CNT radius of single-walled CNT (labeled as 
1W) at different bulk pressures, (a) for carbon dioxide, (b) for methane. 
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We next compare the thermodynamic and hydrodynamic resistances. In particular, 
increasing the thickness of the nanotube will increase the area facing the flow which is expected 
to increase the hydrodynamic resistance. At the same time, increasing the thickness of the 
nanotube is expected to strengthen interactions between the adsorbed fluid and the CNT wall, 
which will make the thermodynamic resistance larger as well. Furthermore, any decrease in 
pore size due to e.g. pore blockage will increase mechanical resistance to matter flow. At the 
same time decreasing the pore size is expected to also strengthen interactions between the 
adsorbed fluid and the CNT wall, leading to larger thermodynamic resistance. In order to 
understand the role of each resistance mechanism it is therefore important to distinguish 
between different types of resistances.  
We note that the actual CNT has a flange, so the cross-section of the fluid flow area 
changes from the bulk to the nanotube. For a fluid with bulk viscosity   entering a pore of 
radius a  this resistance is defined as [17]  
 
1
a b
R
aT

 
 

  (7) 
where a  and b  are the average densities of the adsorbed and the bulk phases 
respectively. Eq. (7) follows from the Sampson expression for the pressure drop between the 
infinite half-space and a pore of radius a for an incompressible fluid [10, 11] 
 
3
=P C Q
a


  (8) 
where 3C   is a constant, which depends on the fluid vorticity, and is mainly a result of the 
particular geometrical configuration. We note, however, that Eq. (8) is valid only for an 
incompressible fluid, while for a fluid with a finite compressibility C  may depend on the 
25 
density or pore size such that the value 3C   obtained by Sampson should be viewed as the 
upper bound for a compressible fluid. 
Figure 7 shows the variation of the thermodynamic interfacial resistance relative to the 
hydrodynamic interfacial resistance. The ratio /R R   should be compared with the value of 
C  [17]. We see that for large pore size this ratio is practically independent of the CNT radius. In 
contrast, for small radii there is a strong dependence on the CNT radius. This means that one 
can use the pore size dependence of the interfacial resistance to distinguish between the 
hydrodynamic and the thermodynamic resistances. As mentioned earlier, changing the pore 
radius has the same qualitative effect on the interfacial resistance, however the quantitative 
effect is different for narrow pores. 
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Figure 7: Variation of the mass transfer resistance of a single-walled CNT (labeled as 1W) 
relative to the hydrodynamic resistance with the CNT radius, (a) for carbon dioxide, (b) for 
methane. 
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3  Conclusions 
We have studied the effect of the pore size and thickness on the interfacial 
thermodynamic resistance of a membrane comprised of a collection of carbon nanotubes. The 
interfacial thermodynamic resistance to matter flow through a porous membrane exists due to 
the difference in fluid state inside and outside the membrane, which is caused by strong 
interactions between the adsorbate and the adsorbent. The strength of the interactions 
depends on the size of the pore, in particular the radius of CNT and its wall thickness. Until 
recently, the existence of a thermodynamic resistance was largely overlooked in modelling of 
fluid flow through CNTs. We have shown that the interface of a porous material poses an 
additional thermodynamic resistance even at constant temperature, which may change the 
overall membrane resistance. 
In this paper we have shown that the thermodynamic resistance depends on the size of 
the nanopores. In particular, as the radius of the CNT becomes smaller, interactions between 
the adsorbate and adsorbent become stronger and this leads to increase of the thermodynamic 
resistance. This occurs until the size of the pore is comparable to the size of adsorbate molecule, 
when the interfacial resistance becomes infinite. In contrast, increasing the radius of the CNT 
diminishes the difference between the adsorbate phase and the bulk phase, which reduces the 
interfacial thermodynamic resistance. Furthermore, increasing the thickness of the CNT walls 
also increases the value of the thermodynamic resistance, as interactions inside the CNT 
become stronger. However, this effect is less pronounced than the effect of the CNT radius, as 
all the interaction in the system are short-ranged. 
One can distinguish between three different regimes for interfacial resistance 
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dependence on the external conditions, which correspond to the state of the fluid in the 
adsorbed phase: the low-density state, the high-density state, and the coexistence state. The 
smaller the radius of the CNT, lower the pressure at which transition from the low-density to 
high-density regime occurs. When the pore radius is large enough the fluid inside the CNT can 
have several different phases, which can coexist. At this pressure the thermodynamic resistance 
experiences large fluctuations, which correspond to formation of a new phase. When the pore 
size is small enough, no coexistence region can form, and the interfacial resistance changes 
gradually from the constant value at low pressures to an increasing value at large pressures. 
We have also compared size dependence of the thermodynamic resistance with other 
sources of resistance present in the porous membrane, namely, the hydrodynamic resistance 
and the internal resistance. Our results show that relation between these resistance depends on 
the pore size for narrow pores. In particular, we observe evidences of different fluid behavior in 
very narrow and moderate pores. This is promising, as it allows one to distinguish between 
different types of the resistances, which contribute to the overall resistance of the membrane. 
In particular, this may in principle be tested in actual experiments on porous membranes. By 
measuring the flow resistance for membranes of different porosity and analyzing the pore size 
dependence of the overall resistance, one may be able to identify the contributions from its 
parts. 
The results of our calculations will also be useful in modelling the interfacial resistance of 
a disordered carbon subsequent to characterization of its structure. 
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Highlights 
 Effect of pore size on thermodynamic resistance at the interface of a membrane 
 Thermodynamic resistance increases on decreasing pore size 
 Thermodynamic resistance is significant at practical length scales of membranes 
 In the hysteresis region, desorption resistance is higher than that of adsorption 
 
 
 
